We show how to fix the newly discovered gauge-invariant string field theory to the light-cone gauge. We prove that this procedure leads to the well-known lightcone formulation of string field theory, with no additional propagating degrees of freedom.
Introduction
The internal consistency of dual string models depends on the scattering amplitudes satisfying a huge class of Ward-like identities PI which can be expressed as the decoupling from any physical scattering process of on-mass-shell single string states of the form L-, 1 'E) , n > 0, where the L, are the generators of the Virasoro algebra. For example, the no-ghost theorem shows that this decoupling mechanism removes all negative-norm single-string states from physical processes to note that these anomalies break the SO(2,l) subalgebra which is associated with one of the most fundamental properties of string models-duality WI .
As long as one limits consideration to S-matrix elements, the on-mass-shell decoupling of states is an adequate statement of the underlying invariances necessary for the consistency of the theory. However, this is not sufficient for formulating an action principle for string dynamics. To date, the only action principle which has been formulated for interacting strings is the one based on light-cone dynamics [14'15] and re-expressed in terms of a string field theory through the machinery of second quantization PI ; this formalism makes use of a preferred frame and a fixed gauge. But for the free string theory, the problem of formulating a
Lorentz-covariant, gauge-invariant action principle has recently been solved. The zero-slope analysis of the open and closed string theories [17, 181 suggested that one should search for exact off-shell gauge invariances. An important step toward the realizaton of these invariances was the development of a manifestly Lorentzcovariant, though still gauge-fixed, action principle llgl based on the BRST (first) quantization of the string Pwl . Later, off-mass-shell gauge transformation laws were postulated [w3] and several groups constructed free-string Lagragians with these symmetries as invariances [W4] . In particular, three groups [22, 25, 261 sueceeded in constructing a linearized local string field theory from which the formulation of ref. 19 could be recovered by gauge-fixing.
In this article, we will show how the gauge-invariant formulation of refs. 22, 25, 26 reduces upon suitable gauge-fixing to the light-cone formulation of refs.
14, 15, 16. We believe it is important to understand this question, because the most pressing problem for the gauge-invariant formulation-the construction of the interaction terms-has already been solved in the light-cone formulation PI .
It is likely that an understanding of the precise relation of these two formulations will offer insight toward the construction of a gauge-invariant interaction.
The reduction of the gauge-invariant formulation to the light-cone gauge is not entirely straightforward, since the proper local gauge-invariant string action contains new degrees of freedom, beyond those supplied by the string modes of oscillation, and additional gauge transformations which act only on these new
states. This means that the argument for the sufficiency of the transverse lightcone states131 , even as recently recast 1271 as a gauge-fixing prescription for an earlier, nonlocal form of the action
W3l
, needs to be re-examined and perhaps modified in this new context. From the point of view of counting propagating degrees of freedom, the covariant formulation has already been shown to agree with the light-cone formulation [281 . What we will do here is explain the explicit manner in which the reduction to the light-cone gauge is achieved.
We will, in fact, present two different arguments which connect the two formulations. The first, presented in Section 3, generalizes the argument of ref. 27 in proving that all solutions to the equations of motion of the gauge-invariant free string theory are gauge-equivalent to transverse oscillations of strings. This establishes the connection even at the quantum level, though by a somwhat indirect argument. The second, presented in Section 4, proceeds by a direct and brutal gauge reduction of the action.
We will present our arguments in a unified notation which makes clear that 
Formal Preliminaries
In this section, we will review the structure of the gauge-invariant free string theory to the extent necessary for our analysis. We will use the notation of ref.
22; the reader should note that the free-string actions of refs. 22, 25, and 26, while somewhat different in appearance, are completely equivalent. We will also set up our conventions for the light-cone formalism. In terms of these fields, the action takes the form S = -;
(2.14)
The action (2.14) is constructed to be gauge-invariant under the transformations and to change the dimensionality of space-time to 10. Both of these modifications produce definitions of d and 6 which satisfy the identities (2.9) and (2.10). Thus, the action (2.14), with the new definitions of forms and of d and 6, is again a gauge-invariant free string action. The arguments we will give to fix the lightcone gauge in the case of the bosonic string go through without change for these other string theories.
The main objective of this paper will be to show how to fix the gauge freedom just described to cast the action (2.14) into the light-cone gauge. In preparation
for that study, we should set out explicitly our notation for light cone gauge dynamics. First of all, we will use the metric
In the light-cone quantization, we regard x+ = a A-(x0 + xl)
as the evolution parameter. The variable conjugate to x+ is We will show in Section 4 that, by imposing a gauge condition on the full set of fields {@2k} which is slightly weaker than (2.23), we can show that only components of <PO belonging to f are propagating states. This accords with the formalism of refs. 14 and 16.
In Section 3, we will make use of a slightly different characterization of the transversely-polarized states which is more naturally related to the d and 6 oper- 
Equivalence via the Equations of Motion
In this section, we will establish the equivalence of the gauge-invariant and light-cone formulations of the free string by making use of the equations of motion of the gauge-invariant theory. Our method will be to extend the arguments of ref.
27 to prove that all solutions to the equations of motion of the gauge-invariant free string theory are gauge-equivalent to the solutions for which @o is in 7 and the higher @ 2k vanish. First, though, we will explain why this statement suffices to prove the equivalence for the full quantum theory.
We begin by reviewing the conclusion of ref. where N is a normalization factor, the product of the factors (3.6). This is a statement of the equivalence we sought. Now, we return to the proof of our assertion that the bilinear form ,$ has no Our analysis of these equations will make essential use of the property that the space of free string fields possesses trivial cohomology, in particular, that the statement 6C = 0 implies that there exists a D such that 6D = C. Were it not for the structure constant terms in the definition of 6, this latter statement would be obvious. We have proved it for the simplest case that C is a (:)-form; this will suffice to prove that 90 is restricted to 7. To show that the higher &k's are pure gauges, one needs this property also for (kFl)-forms and for (:)-forms, for arbitrary k. We believe that all free string forms have trivial cohomology, but we do not yet have a proof.
Begin with the equation for au, After using the gauge freedom to set all components of @e with xk k& > 0 to zero, (3.9) becomes a set of two equations, since then the left-hand side of (3.9) has xk k& = 0 while the right-hand side has xk k& > 0. Thus, K@o =o, (3.10) OdQo + 6fiM2 = o.
(3.11)
The components TO appear only in (3.10) ( since dTo = 0); they do not appear either in (3.11) or in the equations (3.9) for k > 0.
A zero eigenvector of ,? must therefore be a non-trivial solution of (3.11) and the k > 0 components of (3.8). Let us first explore the constraint of (3.11). This This completes our analysis of the equations of motion of the free string theory. Two points are worth reiterating. First, the analysis does depend on our unproved assertion that the space of free strings has trivial cohomology. Second, modulo this first objection, our analysis and conclusions apply for all complex p-.
This allows us to extend a classical analysis of the equations of motion to the fully quantum statement (3.7): integrating out the redundant fields yields the lightcone formulation of the theory, corrected only by non-dynamical determinants.
Direct Descent to the Light-Cone Gauge
Now let us turn to a second line of argumentation, one somewhat closer in spirit to the conventional light-cone quantization of a gauge theory. In this section, we will explain how to apply gauge-fixing directly to the free-string action, eq. (2.14). In this section, we will work in the basis of states formed by applying K-n's, ALn's, and transverse Q-~'S to the Fock vacuum. The argument given at the beginning of the previous section can be repeated in this basis to prove that the correct light-cone action arises if all states are removed except those in @u which belong to f . We will call this space of states 70. We will show that the comes from the second piece of (2.14) (after integrating by parts):
The term with two M's contains no a-, so A+, the coefficient field of K-1 IO), is nondynamical. It is, of course, just the Coulomb potential.
At the second mass level, we can divide the states which appear into five classes as subsets of the following sets of states:
(1). % (4). Kt,ifo, M-LK-I?=~,, A@,% We have now eliminated all states except those of class (1); this is the desired result.
Let us now introduce some notation that will allow us to generalize this argument to all mass levels. Consider, first of all, the labelling of states. It is clear that we will need to keep track of the K and M creation operators used to form each state; the Lagrange multiplier mechanism tells us that we must also otherwise, they could not form a nonzero matrix element of 6 fi 6.
Now we are ready to present the general counting argument for fixing the light-cone gauge. Let us define a tower of states as the sequence
The sequence terminates when either the K's or the M's are exhausted. Associated with this sequences is a tower of gauge parameters Czk+r:
KaMb-' 11,O) , K"-1Mb-2 12,l) , Ka-2Mb-3 13,2) , . . . . P-9)
Imagine both the two towers to be presented vertically, and interleaved, so that KaMb IO, 0) stands at the top, with K"MbB1 II, 0) just below, KamlMbml II, 1)
below that, and so forth. Then, acting 6 on any state in the C tower adds an M and so gives a gauge transformation of the Q state just above; and acting d on any state in the C tower removes a K and so gives a gauge transformation of the <p state just below.
Our strategy will be to gauge away as many states as possible in the towers with b 2 a. The remaining states in these towers must then be removed by the We must then show that the second tower contains, after an appropriate gaugefixing, exactly the states needed to be Lagrange multipliers for the first. The value of the sum is given by the Young tableau identity shown in Fig. 3 . 
